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FOREWORD

This paper applies the spheroidal T-matrix approach of Dr. Roger H Hackman described
in his paper “The Transition Matrix for Acoustic and Elastic Wave Scattering in Prolate
Spheroidal Coordinates”, [Journal of the Acoustic Society of America, 75(1), PP. 35-45] to
describe the scattering from large aspect ratio targets. Due to the limits of double precision
arithmetic in the computation of the spheroidal wave functions, these methods are limited to
frequencies below kL/2 = 30.
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I. INTRODUCTION

Prolate spheroidal coordinates are one of eleven coordinate systems in which the scalar
Helmholtz Equation in three dimensions is separable. Separability is the reason the scattering
from a rigid (sound soft) prolate spheroid may be expressed as a partial wave series of spheroidal
wave functions analogous to the partial wave series of a rigid sphere. However, the vector
Helmholtz Equation is not separable in the prolate spheroidal coordinate system. This is the
main reason for the lack of exact solutions for acoustic scattering from an elastic prolate
spheroid. The lack of separability of the vector wave equation in spheroidal coordinates is also
the reason there does not exist an expansion of the Green’s Dyadic for the vector wave equation
in terms of spheroidal functions.

In the early 1980’s, Roger Hackman ' at Coastal Systems Station used Betti’s Identity to
derive a T-matrix description of the scattering from large aspect ratio elastic targets based on the
spheroidal wave function, rather than the popular spherical T-matrix description. This approach
is numerically more stable than the spherical T-matrix approach for large aspect ratio targets.
The author had the pleasure of working with Dr. Hackman during his tenure at COASTSYSTA,
and worked on the scattering from large aspect ratio targets in a waveguide +8

This article focuses on the use of the spheroidal T-matrix description of scattering from
elastic targets to describe the low frequency scattering from these targets. The purpose for this
work is to build an object oriented computer program for computing the low frequency scattering
from large aspect ratio targets. This computer code is to be integrated into the sonar simulation
PC Shallow Water Acoustic Tool-set (PC SWAT) to describe a low frequency imaging sonar in
the presence of elastic returns from the target.

In addition to the Introduction and Reference sections of this report, the outline of this
paper includes the following sections. Section II describes the spheroidal coordinate system and
its relationship to linear acoustics. Section III outlines the computation of the spheroidal basis
functions. Section IV describes the computation of the spheroidal T-matrix. Section V contains
a collection of sample calculations and a comparison of the author’s results with those of
Hackman. Most of the details of the computations are contained in the appendices. Appendix A
describes the computation of the eigenvalues and expansion coefficients for the spheroidal wave
equation. Appendix B contains the orthogonality and completeness relationships of the
expansion coefficients. Appendix C contains the expansion of the scalar Green’s Function and
plane wave in terms of spheroidal wave functions. Appendix D describes the transformation
between spherical and spheroidal wave functions. Appendix E describes the computation of the
radial spheroidal functions. Appendix F contains a tabulation of the connection components and
its first order derivatives used in the computation of the second and third order covariant
derivatives of the
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scalar basis functions. Appendix G contains a tabulation of the components of the vector basis
functions and their covariant derivatives. Appendix H contains a tabulation of the parity of the
basis functions. Appendix I describes the computation of the surface integrals and T-matrix in
the case of a prolate spheroid. Appendix J describes the computation of the surface integrals and
T-matrix, in the case of a finite cylinder with hemi-spherical end caps.
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II. SPHEROIDAL COORDINATES

Prolate spheroidal coordinates are a generalization of the familiar spherical coordinates.
The transformation from spheroidal to Cartesian coordinates is given by the following equations.

x= fJ(E -1)1-7n*) cos(p)
y = f(E =D(1-7)sin(p) 1

z=fén

Here, £ 21 is the radial coordinate, —1<7 <+1 is the angular coordinate, 0 < ¢ <27 is the
azimuthal angle coordinate, and fis the semi-focal distance.

Adopt a right-handed coordinate system whose coordinates y* are given by the
spheroidal coordinates (£,¢,77). The metric tensor in this coordinate system is a diagonal metric
whose diagonal members are given by the following expressions in terms of the coordinate basis
{0;,9,,9,} of the tangent space:

8¢ =& -1 IE -
&y = L& 1) I(1-7) 2
g = S1(E7-D(1-7%)

Define the ortho-normal triad {¢,e,,é,} = (€,¢,7} by the following relations:

Ai :eiya;l
e =5 Ih, ()
h/l =N Euw

The covariant derivative of a tensor of type (1,1) in terms of the coordinate basis is of the
following form:

V Tap =a”Taﬂ +Fa6”TUﬁ _I“O’ﬂﬂTIZU (4)

U
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Here, I'* ,, are the components of the torsion-free affine connection defined by the following

expression in terms of the metric tensor (An affine transform changes the relationship between
the coordinate system a program uses to draw and the coordinate system used to display).

o4 1 aoc
re, =58 (0,86 +9,8,5 —0,8,) (5)

This connection has the property that the covariant derivative of the metric tensor vanishes.

The stress tensor of an elastic solid is defined by the following expression in terms of the
metric tensor and the covariant derivative of the displacement vector .

Taﬂ = A(Vaua)gaﬂ +:u(Vau,B +Vﬁua) (6)

Here, A and u are the Lame constants of an isotropic elastic solid, which are related to the
longitudinal and shear wave speeds by the following relations, where p is the density of the
solid.

A= p(v;=2vr) o
U= pv;

The equation of motion for an isotropic elastic solid is given by the following expression,
where T'(u),, is the stress tensor for the displacement vector , .

lﬁtz H =VUTG,U (8)

A generalization of Green’s Theorem gives rise to Betti’s Identity, which states that given
a pair (,v) of regular solutions of Equation 8, the following surface integral over the boundary of
the enclosed volume (¥) vanishes.

q§dqﬁofoo-?@o-a}=o 9)

v

Here, the terms
t(u), =Tu),,n° (10)

are the components of the traction of the displacement u.
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III. SPHEROIDAL FUNCTIONS

The scalar Helmholtz Equation in spheroidal coordinates is of the following form:
o 1 v
(V,V° +k2)y =-\E(aﬂg” Jgo, +k: g =

7 (52 {a (52—1)85w+a (I1-n )a,,l//
(é 77) 2

T/ A 0 11

+(§2_1)(1 N ,,,l// (& -n)y) = (11)

g =Det(g,,)

Here, c is the dimensionless product of the wavenumber & and the semi-focal distance £ This
wave equation is separable into the product of a solution of the radial equation:

2

90;(&* =10 je,, — (A, (c)~c*E* + @ _1))1 il = (12)
the angular equation:
3,(1=1°)3,8,, + (A, () -c'n —ai"%)sm,w (13)

and the azimuthal equation. The spheroidal coordinates have the rather interesting property that
the radial and angular equations are isomorphic under the interchange of the coordinates £ <> 77.
This isomorphism implies a duality between the solutions of the radial and angular functions,
that is, the radial functions may be regarded as the analytic continuation of the angular functions
to the domain +1<7 <+eo. In particular, the radial functions:

jeu(¢,8)=—x S,‘"',’(c,f)
K

ml

ne,, (¢,§)=—5 K(z S (¢.8) (14)

y “ml
ml
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are proportional to the corresponding angular functions. This transformation is an isometry of
the metric tensor, that is, the metric tensor is invariant under this transformation. The classic
method of solving the angular wave equation is to expand the angular functions of the first kind
in terms of associated Legendre polynomials:

Sw (€)= Z d; ()P, (M) (15)

k=0,1

Here, the sum is over either even or odd indices, depending upon whether the difference (/-m) is
even or odd. The series expansion given in Equation 15 is a solution of the angular wave
equation provided the expansion coefficients satisfies the following recurrence relations:

a/:"d/:rlz +(ﬁ/:" '“’q“ml)d/:nl +71:"d/:n-l2 =0

w_ Cm+k+2)(2m+k+1)c’
T 2m+2k+3)2m+ 2k +5)

Bl =(m+k)(m+k+1) (16)
e 2Am+kYm+k+1)-2m* -1
2m+2k -1)(2m+2k+3)

k(k-1)c?
2m+2k-3)(2m+2k-1)

%=
The eigenvalue 4 ,(c) is chosen such that the limit

) dr.(c)
lim,_,_(—25)=0 17
koo ( 270 ) (17)
vanishes. The conventional method of solving for the eigenvalue is to solve a transcendental
equation defined in terms of a continued fraction of the above eigenvalue and coefficients as
described by Flammer in Reference 9. A numerically more robust method of solving for the
eigenvalues is to transform the above recurrence relation into the problem of solving for the
eigenvalues of an infinite dimensional tri-diagonal matrix. This method is due to Hodge ', and
is described in References 10 through 12. This is the method adopted by the author since 1t is

readily generalized to the case of complex wavenumber. The coefficients d]" (c) are related to

the eigenvectors of this infinite dimensional matrix. Reference 13 contains a simple iterative
method for solving for the eigenvalues and eigenvectors of arbitrarily large tri-diagonal matrices.

In the case of the radial wave equation, the fact that the radial functions are proportional
to the analytic continuation of the angular functions can be used to calculate the radial functions
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for radial coordinates near unity (+1< & <1.5) as described in Reference 11. The computation of

the irregular radial functions requires the computation of the angular functions of the second,
which is derived by taking the following limit of the series expansion in terms of associated
Legendre polynomials of the second kind.

S@(e,m)=tim,, D d) ()., (M) (18)

k=—co

The associated Legendre polynomials of the second kind exhibit a simple pole at integral
orders less than —m. At the same time, the coefficients d,:"'(c) exhibit a simple zero, and the

product remains finite.

dml

p—0 P —k+p

or.., =d;P" k>+2m (19)

lim m-k+p — Phipd —m-rek>

This produces a representation of the angular function of the second kind that is a series
of the associated Legendre functions of the first and second kind of the following form:

SPe,m= D d0m M+ Y, di ()P . (M) (20)
k==2m+é k=2m+2-6

The coefficients d,:’]',',

(c) are defined by the limit:

dZ,,(C)

dml (C) = limp_)o ——;—— (21)

klp

A recurrence relation for these coefficients is given in Reference 11.

A popular representation of the regular radial function in terms of spherical Bessel
Functions is of the following form described in References 9 through 12.

o) = & ;” 3 et S et 22)
ml k=0,1 :

The above series expansion is absolutely convergent. The corresponding series expansion for the
irregular radial function is obtained by replacing the regular spherical Bessel Function with the
corresponding irregular spherical Bessel Function. However, in the case of the irregular radial
function the series expansion is no longer absolutely convergent, and it is at best an asymptotic
expansion.
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The author has studied the convergence properties of about a half dozen different
representations of the irregular radial functions based on integral representations of the following

form:
ne,(c.£)= [dnK(&,mSy) (e,m) 3)

Flammer ° provides a general discussion for the construction of integral representations of
the above variety. None of these representations has satisfactory behavior at high frequencies.
The high frequency convergence property of the irregular radial functions and the angular
functions of the second kind is due to the fact that the expansion coefficients d;" (c) represent an
alternating series of large terms leading to numerical round off due to the finite precision of the
calculations.
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IV. SPHEROIDAL T-MATRIX

In the case of the spherical T-matrix description, the expansion of the scalar Green’s
Function and Green’s Dyadic in terms of spherical wave functions is often used in the derivation
of the spherical T-matrix description from the scalar and vector Helmholtz Equation. The vector
Helmholtz Equation in spheroidal coordinates is non-separable, and there exists no closed form
solution for the corresponding Green’s Dyadic in terms of spheroidal wave functions. To
overcome this difficulty, Dr Hackman made use of Betti’s Identity, which is a generalization of
Green’s Theorem, to generate a system of linear equations for the scattered field in terms of a
collection of basis functions of the scalar and vector Helmholtz Equation.

The author introduces the following basis for the regular and outgoing basis functions for
the scalar Helmholtz Equation in terms of spheroidal functions:

Re Woml = jem[ (C’ é)So'm[ (c’ 77’ ¢))

24
Wo‘ml = heml (C, f)Sa'ml (C, n’ ¢)

The functions S, ,(c,n,9) are the following basis functions of the scalar spheroidal harmonics:

&(m cos(mg), 0 =0
Som(e9) = |50 e, )|
27A,,(c) sin(mg),o =1
(25)
£(m) ,m=0
m)=
2,m#0
Define the following basis functions of the vector Helmholtz Equation:
v =1 _yx (ay’.)
Loml = [ oml
iml
Viom = CL VXV, om (26)

T

1
I/.",O'ml = _V Wéml
c

L
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Here, A, (c) is the eigenvalue of the spheroidal wave equation, and ¢, =k, f and ¢, =k, f are
the dimensionless wavenumber for the transverse and longitudinal degrees of freedom. The
functions

‘//%ml ml (CT ’ 6) oml (CT H 775 q’) (27)
Wo‘ml ml (CL ’ 5) oml (CL s 77’ ¢)

are the outgoing basis functions for the scalar Helmholtz Equation for the transverse and
longitudinal modes. The vector a is the conformal killing vector for dilatations whose
components are as follows:

a=(x,y,z),
28
(aa,,a,) = (2, /1,0) (28)

This vector satisfies the following condition:

Va =g, (29)
The curl in three dimensions is defined as follows:

VXV ="V V, (30)
in terms of the Levi-Civita Tensor

e = L g (31)

JDet(g,)

and the covariant derivative.

Define the vector spheroidal harmonics for the elastic solid as follows:
laml \/—(¢V1 77 a n a )SamI(CT’n ¢)
JiI-7°
Ay omi = (m/l n°9, +¢\/— 0)Sem (C7:71,9) (32)

A gt 5 mI(CL’n’¢)

In the limit / — O the vector spheroidal harmonics approach the vector spherical
harmonics. They obey the following orthogonality conditions:

10
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Jdpdn, ,,.e 4, =85 87Q7,
Jdpdn, 5 ® 4y gy = 85 51,
Jdpdnd, o, o A g =52 876
Jdodnd, ,, ® 4 5 =0

cf dednA, ;.. ® 4 gy =0
ddodn4, .. e 4, g, =0

(33)

2 +1
. : c
Q/,/'=51["' ) Z\ A Idnﬂszl(cr’ﬂ)Sm/-(cr,n)
‘ml? "mi’

ml“ ml' -1

The vector basis functions V, _ , have the following asymptotic behavior in the limit & — +oo:

r,oml

|4

l,oml

- heml (CT ’ g)A

1,oml

1
- "c—-a;heml (cr s g)Az,aml (34)

T

V.

2.oml

v,

3,oml

1
- z_afhe'"’ (CL 35)A3,aml

L

The above asymptotic behavior of the vector basis functions coupled with Betti’s Identity
leads to the following important orthogonality condition for the vector basis functions. Let S be a
smooth, closed surface, S be the sphere at infinity, V' be the volume whose boundaries consists

of the union of these two surfaces, and (¢,v) be a pair of regular solutions of the vector Helmholtz
Equation in this volume. Then Betti’s Identity implies the following surface integrals over the
closed surface S and the sphere at infinity are equal:

jjdA{t(u)ov-uot(v)}: HdA{t(u)ov—qu‘(v)} (35)
N Sw

By replacing the functions » and v with the vector basis functions and using the
asymptotic expansions of the vector basis functions and Equation 33 to evaluate the surface
integral over the sphere at infinity, we obtain the following orthogonality condition for the vector
basis functions on the closed surface S:

11



CSS/TR-02/18

—-ReV.

r.oml

(R, )} =0

o'm'l'

[[dattRev, ,,,)oReV,
S

.U'dA {t(Vr.Uml) d Vr'.a'm'l' - Vr.aml o t(Vr'.d‘m'I')} = 0

§

[[dattRev, )0V, o ~ReV, o 01V, )} = (36)
R

—ipt b (—i) 8T 6Q) . T=17"#3

~i(A+2u) b, (—i) 87876 t=1"=3
0,727

The above orthogonality condition is the basis for the spheroidal T-matrix approach, which uses
the above orthogonality condition to re-express the boundary conditions of the incident,
scattered, and interior fields into a system of linear equations based upon expansions of the
incident, scattered and surface fields in terms of these vector basis functions.

Consider the case of acoustic scattering from a solid elastic target immersed in water.
The boundary conditions between the exterior and interior fields are given by the following
conditions of continuity of normal displacement, continuity of the normal traction, and vanishing
of the tangential interior traction.

i

S
<y

. ® en

oii (37)

SR

NS

=~}
o [~

X

The single vector:

1
ol = ~Vhe, (€,€)S,, (¢, 9) (38)

is the vector basis function for the fluid, which may be regarded as the limit # — 0 of the vector
basis for an elastic medium. The following vector is the corresponding traction vector of this
basis:

;(V;,’n/) = AWﬁ(V . Vaﬁl) =

Ak 3 (39)
- heml (C’ é)Sa'm/ (C’ n, ¢)n

[

Make the following expansions of the incident and scattered field in the fluid in terms of
this basis:

12
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W
Upe = Z Qo Re Va’m/

oml

uScur{ = Z f oml V:r,n[ (40)

oml
Applying Betti’s Identity to the total field:

— — w w
uTmal - uinc + uscal! - Z aam[ Re Vaml + f oml VO'mI (4 1)

oml

and the regular and irregular basis functions on the surface S of the scatterer, one arrives at the
following linear equations between the expansion coefficients of the incident and scattered fields
and the surface fields

—u, ot(V )}

oml

k ,
Qo =i [aate, oV
* (42)
.k w w
foml = _HF IdA{t+ *Re Vaml —u, .t(Re Vaml)}
S

Using the fact that traction in the fluid is proportional to the normal vector to the surface
and the continuity of the normal displacement, one can rewrite these equations in the following
form:

a, = —if; [dai, o n)novy) = emmer(vy,)}
} ’ (43)
fou =i~ [ddi(r, emneRe VY, —(u_ o mnotRe V)

Next, one may apply Betti’s Identity to the regular vector basis functions of the solid and
the surface displacement and traction of the interior fields to arrive at the following equations.

—u_et(ReV,,.)}=0 (44)

,oml

[dair_eRev,
N

Use the boundary conditions at the surface to replace this integral with the following:

[dai(z, em)(noReV,,, ) -u_etReV,,,)} =0 (45)
S

Now make the following expansions in terms of the scalar harmonics in the exterior and the
vector harmonics in the interior:

13
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t+ en= Zaamlsaml (C’ 7, (0)
oml (46)

u_= z ﬂT,o‘m[AT.O'ml

toml

Substituting the above expansions into Equations 43 and 45 one arrives at the following linear
system of equations:

a=~(QB-Ma)
f=+ReQf-Re M

0=Pa—-Rp

0, ==im [t e )

k
M, ==i— deA{(n oV¥)S,}

P, = j dA{(neReV,,)S,}
47

Rl‘n.r'n' = J-dA {t(Re Vrn) d At'n'}
N
The indices oml have been grouped into the single index n in the above equations. The

solution of the above systems of equations is given by the following T-matrix, which relates the
incident and scattered fields in the fluid.

T =—(Re QR P—Re M)QR™'P- M) (48)

The above T-matrix is Method B described in Reference 3. This is the method used to perform
the calculations in the next section.

14
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V. SAMPLE CALCULATIONS

Figures 1 and 2 depict a comparison of the results of the present author and Dr. Hackman
for the scattering from a 4:1 solid aluminum prolate spheroid at end-on incidence (0 degrees) and

30 degrees incidence.

Comparison of End On Scattering from 4:1 Aluminum Spheroid

{ }

—e— Sammelmann
+ Hackman

5
P
[3)
c
b=
w
[}

FIGURE 1. FORM FUNCTION AT END-ON INCIDENCE

15/16
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Comparison of Scattering from 4:1 Aluminum Spheroid at 30 Degrees

J | ] | ]

Sammelmann
+ Hackman

-—
o
|

f
(3
=
|3
[ =
=
u
.

o
(3
|

FIGURE 2. FORM FUNCTION AT 30 DEGREES INCIDENCE

Calculations made by the present author and Dr. Hackman agree within machine
precision in the above two cases.

17/18
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Figure 3 depicts a polar plot of the form function at kI./2=5.5, which corresponds to the
frequency of the large flexural wave depicted in Figure 2. The directivity pattern of the flexural
resonance at kI./2=5.5 has the characteristic shape of a quadrupole.

Form Function atkL/2=55

1.47163 098109 O.

FIGURE 3. FORM FUNCTION AT KL/2 =5.5

19/20
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Figure 4 depicts a polar plot of the bistatic form function at kI/2=5.5 at end-on incidence.
The forward scattering is strongly peaked at the radiation lobes of the flexural wave.

End On Incidence atkL/2=5.5

N

0154173 0102782 0051391 7 |

FIGURE 4. BISTATIC FORM FUNCTION AT KL/2 =5.5 FOR END-ON INCIDENCE

21/22
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Figure 5 illustrates a two-dimensional rendering of the form function of a 4:1 aluminum
spheroid as a function of frequency and aspect angle. The first three flexural resonances of the

spheroid are clearly legible.

L/D=4 Aluminum Prolate Spheroid

360

15.00

Aspect Angle

|

0
10 -40.00

0.05

KL/2

Aug 16 13:24

| FIGURE 5. TWO-DIMENSIONAL PLOT OF THE FORM FUNCTION AS A FUNCTION OF
FREQUENCY VERSUS ASPECT ANGLE
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This appendix describes the computation of the eigenvalues and coefficients d" of the

spheroidal wave equation.

The expansion coefficients d;" satisfy the following recurrence relation:

a:dlﬁlz + (ﬁ/:” _ﬂm:)d/:nl + ﬂd/:”-lz =0

w_ Cmtk+2)(2m+k+1)c?
Y 2m+2k+3)2m+2k+5)

Bl =(m+k)m+k+1)
L 2m+k)m+k+1)—2m" -1

2m+2k-1)(2m+2k+3)

/= k(k-1)c?
“ T 2m+2k-3)2m+2k-1)

Define the ratio

These ratios obey the following forward and backward recurrence relations:

Ne,=p—-1- iall

Nk
Nk= mal:"—-Z},l:"
ﬂk 'A—Nku
N2+5 =ﬁ:;’"'—/1
6=(-m)ymod2

A-3
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The cigenvalue A is chosen such that the following limit vanishes:
lim, , N, =0

The equation for the eigenvalues is obtained by using the forward recurrence relation to
compute t he value of the above ratio at k =2+/—m. Next, one chooses a sufficiently large
value of k =K such that the ratio N,,, =0 vanishes and computes the value of the ratio of

k =2+I1-m from the backward recurrence relation. The eigenvalue is adjusted to make the
difference between these two estimates of the ratio at £k =2+/—m vanish.

Once the eigenvalue has been obtained, the values of the above ratio for k <2+/—mare
computed from the forward recurrence relation. For indices k >2+/—m, the above ratio is
calculated from the backward recurrence relation. The rationale for splitting the above
calculation into a combination of forward and backward recurrence is to avoid loss of precision
by recurring in the direction of increasing magnitude of the ratio. The expansion coefficients

d]" are obtained from the recurrence relation:

dy’ =1
N k+2

dml — dml
k+2 m k
ak

The above prescription defines the expansion coefficients d;" up to an arbitrary normalization
condition. One adopts the normalization condition of References 1 and 2 defined below:

S (0) = P"(0),I-m even
ml /

SWY0)= B"'(0),1-m odd

i(_l)n (2n+2m+25)' ml (_1)(1_,"_5)/2 (l+m+6)'
= 2" () (n+m+8) " Siml=m=8\ I+m+5
( ) )
2 2
8 =(l-m)mod2

An alternative method of computing the eigenvalues and eigenvectors of the spheroidal
wave equations utilizes the fact that the recurrence relation for the expansion coefficients can be
represented in the following matrix form as an eigenvalue problem:
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! !
Bs o; 0 0 dy dy
ﬁ o O dm/ dml

Vorz Psra Csia s+2 | _ 5+2
. | mi

O y5+4 ﬂ5+4 a5+4 ds'n+4 d5+4

0 O 75+6 ﬁ6+6 dg:fb d;n4{6

The matrix can be transformed into a symmetric, tri-diagonal matrix by defining the
following expansion coefficients:

II,=1,n=0

’(Z o .

0+2(n-1 H - 5+2

l_InE 0 )Hn—l= j::) = 3n>0
75+2n }/5+2(j+1)

e, =dy', n=0

— ml
e, =Hn 2n+8? n>0

These coefficients obey the recurrence relation:
a, =Cg,2, V512042

b, = B3

ae, +(b,—A)e; =0,n=0

anenH + (bn - Z’)en + an-]bn—l = O’n > 0

The eigenvalues and the eigenvectors are solutions of the eigenvalue problem for the
following symmetric tri-diagonal matrix:

b a, 0 O e, e,
a b a 0. |¢ _1 e
0 a b a, e, e,
0 0 a b e e
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This method of solving for the eigenvectors is numerically more robust than solving the
transcendental equation for the eigenvalues presented previously. In addition, this method is
readily generalized to the case the wavenumber (c) is complex. Note: the user is required to
solve the above eigenvalue problem for even and odd parity eigenvalues separately.

The value of the expansion coefficients d;" for —2m+J <k <-2+0 can be calculated
from the backward recurrence relation for the ratio of adjacent coefficients.

o LY
N, = k=21 k
¢ ﬂ I:n - 2’ -N k+2
Nys= ﬂg’ -4
0 =(/-m)mod2
Alternatively one can use the following forward recurrence relation for the coefficients
e

v ==0 (B~ A+Yr,s)

ml
d—k
_ ml
ry=995%

0,k>2m+2-6

k<2m+2-6

Since the term r,,_,,, =0 vanishes, the above recurrence relation expresses the ratio as a finite

continued fraction. The expansion coefficients d”; are given by the following expression:
n ml __ gml
(n,,eo Vonass)ds =d5, 2.5:n<M

In the case k > -2m—2+6, the coefficients d, , have a simple zero in the limit p — 0.

In this case, one is interested in the coefficients d[_’l"’, for k>-2m—-2+6 defined by the relation.

ml
=lim,_,——2,k22m+2-8
P

dml

klp

One may use the following forward recurrence relation for the coefficients d,:’l’l’, :

A-6




CSS/TR-02/18
F,o=—Q" (Bl = A+ Y r )k 22m+2-6

(dml
———-——2",’;2_'5"’ h=2m+2-6
d 2m+8

o
i}

k ml

d
—k>2m+2-6
| di-ap

ok #2m+2-6

CZ

1" em-n2m+1)

CZ

+
| 2m-3)2m-1)

h=2m+2-8,6=0

D
L3
Il

k=2m+2-8,0=1

Here the coefficients d™ are given by the following expression in terms of the ratios 7, :
g Yy g €Xp! 2

klp

n A ml — gqmi
{1 j=oT- —2(m+n)—2+5)d—2m+5 = d+2(m+n)+2-5|p
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APPENDIX B - EIGENVECTOR ORTHOGONALITY RELATIONS

This appendix contains the orthogonality relations satisfied by the expansion coefficients
ar.

The expansion coefficients d]" satisfy the following relationships:

8

2 Q2m+h)!

d/:"’dfl' =A 151['
“2m+2k+1) k! "

<

k=

oo ‘ \
S amar A, = @m+2ktD) ks
2 @Q@m+k)

I=m

+1
A, = Idﬂs,(,,l,)(c,ﬂ)s,(,:,)(c,ﬂ)
|

The above relationships represent the orthogonality and completeness of the expansion
coefficients viewed as eigenvectors of an infinite dimensional tri-diagonal matrix.
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APPENDIX C - GREEN’S FUNCTION EXPANSION

This appendix contains the expansion of the scalar Green’s Function and the plane wave
in terms of spheroidal wave functions:

G(r,r")

exp[+ik |r—r'l]] . . vy
= S 3 e 6.6 ew (&£ 01, )10

exp[+ik o 7] = expl[+ikr cos(¥)] =47 Y (+1)' je, (€:€)S 4 (11, 0)S,, (1',0")

oml

cos(y) = cos(¥) cos(?}') + sin(F) sin(?') cos(¢— @)

C-3/C-4
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APPENDIX D - TRANSFORMATION FROM SPHERICAL TO SPHEROIDAL

This appendix contains the transformation between spherical and spheroidal wave
functions.

The transformation between spherical and spheroidal wave functions is given by the
following transformation, where the matrix B, ., iS a unitary matrix:

hemISO'ml = Z Bo’ml,a"m’l'hl'Ya"m'l'

o'm'l'

— -1
hl om — Z B o'ml,a"m'l'hem'l'Sa"m‘l'

c'ml

, , ow1'=l 1 ‘
B =8757 E J 2_(em)t e
: JA, V@) (1—m)!

B—l

(+H) -
sy =020y EO_ |2 (L) g
’ JA, NQI+D) (=m)!

_B‘r

oml,o'm'l' ~

B—]

oml,c'm'l’
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APPENDIX E - COMPUTATION OF RADIAL FUNCTIONS

This appendix describes various representations of the radial functions. These
representations are based on integral representations of the following form described by Flammer
in Reference 1.

b
R, (&)= [dnK (£,mSS) (c,m)

The following Theorem and Lemma are from Reference 1:
THEOREM:

Let L, and L, be the following differential operators:

2
L, =3,(& 1), +¢E ———
2
L =3 (1-n%)9. —c*n® — m
n afl( n )aﬂ cn (1_772)

Let K(&,n) be a solution of the following partial differential equation in the complex domain D:
(L~ L)K(Em=0

Let [a,b] be the contour in the complex domain D such that the following integral vanishes:

b
fan{(L,K (& m)SS (e, m—K(EmL,S (e;m)} =
A-7"){@,K (& n)SY (c;m)~K(&,m)9,Sy (c.m}, =0

Then the following contour integral is a solution of the radial equation in the complex domain D:

R, (c,&)= [dnK (&,m)SS) (c,m)

(L§ + ﬂ’ml )er‘ = O
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LEMMA:
Suppose:
w(&,n,9)=K(S,m)exp[+img]
is a solution of the Helmholtz Wave Equation.
V*+i)y =0 d
Then the function K(&,7) is a solution of the partial differential equation:

(L;-L)K(,m=0

Some of the examples of kernels satisfying the above partial differential equation listed in
Reference 1 are listed below:

(& =" A=n*)""* exp[+icén)
J (e (& -D(-77))
EnJ, (& -1X1-11))

J . (cy(§* = 1)1 -7°) sin(er)) exp[icgT cos(e)]
Jn€EEMYE =D A=-1")" (c(C £m) ™"

KO (€ EMYE =)™ A=17")"* (c(E£m)™

The classic expansion 12 of the radial functions in terms of spherical Bessel Functions follows:

E-4
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. 1 (.f D" &, amesem (2m+2n+6)! ,
Jjeq(c,&) = 7\7’”,— Z_,_o(*’ i)’ Wd‘>n+6./2n+m+6(cf )
1 (5 )" & anesemt 2m+2n+0)!
ne,(c,§) = A 2_:0 (+1)° T anioy os5M2nsmes (€5)
& =({~-m)mod2

> (2n+2m+0)!
A(r) — _(_________ ml
ml ; (2n+5)' 2n+8

The expansion for the regular function je,, is absolutely convergent, whereas the
expansion for the irregular function ne,, is an asymptotic expansion unsuitable for radial

coordinates near unity.

The expansions of the radial functions in terms of the analytic continuation of the angular
functions are given by the following expressions:

Jeq (&)= “ﬁTSS/)(C’é)

ml

nem,(c,f)= (2) ml

Cm+26+1)(+m+6)! - (2m+2n+6)!d,,,,

2I+mcm+5d§n‘ |(l m- 5) (l+m+5)' n=0 (2”'*’5)‘ n+d
2 2

I
K, =t

2I—m(2 )|( )'(H—’n') d:nzlm i (2m+2n) dml

) 1-
2m- l)m!(l+m)!cm- o) o, even (l-m)

(2) _
K, =+

lm l-m-1_ I+m+1_ ..
<2)=_2 @m)X 2 ) 2 )d'2m+'i(2m+2n+5) i
" Cm=-D2m=-3m(+m+Dc"> S (2n+6)!

2n+62

odd (I-m)

The above representation of the irregular radial function ne,, in terms of associated

Legendre polynomials is useful for calculating the radial function for arguments in the range
+1<£<1.5. In the above expressions, one uses the analytic continuation of the associated

Legendre polynomial to the complex plane:

E-5
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m 2 m/2 d m
B"(z2)=(z"-1) (;1'-) F(z)
Z
m 2 mi2 d m
0" (z)=(z"-1) (;,—) 0,(2)
Z

The following expansion of the regular radial function in terms of spherical Bessel
Functions is sometimes useful for arguments near unity:

Jem = Su)(O)Z( +) " AP P (0) i (€2 —1) (even 1-m)

Jew = Z(+ Yl dm P (0)],., (e &2 =1) (odd 1-m)

1
S (0] (0) J 62
There is an error in Reference 1 in the case /-m is odd in the above expansion.

The radial functions have the following expansions in terms of the product of spherical
Bessel Functions:

E=cosh(u1/2)

Even I-m

he,, =(E =1)"*> (2n+2m+1)D}' K., (ce™") j,,,(ce™")

n=0

(+) 2" (n4+2m) & (—n), (n+2m+1),(m+1/2), T(m+3/2)
Zd k k k
dc"mn! o k! T(m+3/2+2k)

ml __
D"

X, Fy(—n+k,n+k+2m+Lk+1/2;m+k+1,m+2k+3/2:+1)

) Cm+1)2" (n+2m)' & L (-n) (n+2m+1), (m+1/2), T(m+n—k+1/2)
= Zd k k k
dr'c"m!n! il k! T(m+n+k+3/2)
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Odd I-m

he, =& -1)"?Y (2n+2m+3)h,),, (c€™'?) ), pnlce™ D)

n=0

(+i)’*”'"(2m+3)2'"(2m+n+2)! 2 o (=n),(m+3/2),(n+2m+3), T(m+3/2)
= Zd

Dml
" d"c™ m!n! a2k k! T(m+5/2+2k)

X F(—n+k,k+3/2,n+2m+k+3;m+k+2,m+2k+5/2:+1)

The Pochammer and generalized Hypergeometric function are defined below:

x), =T (x+k)/T(x)= ﬁ(x+n)

N (al) ((22) (as) n
Fy(a,ay,a3;b,,b, :2) = AT
1Fy(a,a,,a5:h,,b, : 2) nz; (5. (by), Z
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APPENDIX F - CONNECTION IN SPHEROIDAL COORDINATES

This appendix contains a tabulation of the non-zero terms of the linear connection, its

derivatives, and the function Pl =0,I";, +T%, 'z, in prolate spheroidal coordinates. These

functions are used to compute the second and third order covariant derivatives of the scalar basis
functions used in the construction of the vector basis and the stress tensor:

rf - 6(1 - 772)
@ -neE-n)
1—-71 =+ 77(5 - 1)

T A-m)E 1)

rgn = rgé =_FT_7_"772_5

_5

& -n")
___&&-

" A-n*)E -n")

rn = 77(1"772)
“ T @-nE-n

n —T7 —
an’rfn_+

n
rYe =1’ =-
on ne (1_772)
e, =T? =+————§
23 So (§2_1)

e __&&-1a-1)
# & -n*)
= A=) D)
o= E )

N NP - -
T E ey @) @-m)

280
3,[% =——21
TE (& -n'y
|
\
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26n
(& -y

E_yTE
0T, =0, =+

2 2
ST% =9 % =& *1)
& n- né (52_772)2

D 28D
o=t mpE-m s @
Spe o €D 11

T A= )E - (A-1*) (& -1")

_______(1"'772) 1—3¢£2 Ef_szf;ll
e ey

2 21y
anrfw =+ fgz(f 7 )z)

£ _
agl“w-+

_&+D
& -1°

9,1% =9,I%, =0

agr& =a§rg¢ =

T3, =3,T3, =0

_ (+n)
9,5, =9,7, == A-7°)?

2{n
& -n*)

(& -1 2n’ 2n°
1
st e-n

9,7y =+
oI =
" Y E )
_ (& +n)
& -n’y
28n
& -n'y

0, =0,1¢, =
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APPENDIX G - VECTOR BASIS FUNCTIONS

This appendix contains the components of the vector basis functions and their covariant
derivatives for an elastic medium in spheroidal coordinates. One may use the index n to signify

the group of indices oml . Here, ¥ and y are the scalar basis functions for the transverse and
longitudinal modes. The vector basis functions are defined by the following relationships.

ag=f2§
a,=f'n
a¢=0

g=Det(g,)= & ~n")

vaf
\/;q'_(an )y - gpv5§¢n aaVﬁWnT

Jg

ke NAWD), =k +2V ;) +a°V,V

kL (Vn3 )p = V;IW:

\/TV (Vl) =+gyogva5fa¢)cfygvﬁl//: Fvaag(;faavﬂvywz
n Y u\Vnlv
g

ke AV V), = kg, W +k2aV Wl +3V, V! +a°V,V,V,u]

V00, =Y,V

L

First, one tabulates the components of the second and third order covariant derivatives of
the scalar basis functions. These functions are used to construct the vector basis and its covariant
derivative. Since the Riemann Curvature Tensor vanishes, the covariant derivatives commute in
a coordinate basis. Thus, the higher order covariant derivatives of the scalar basis functions are
symmetric tensors. The radial, angular, and azimuthal wave equations have been used to
eliminate second and higher order derivatives with respect to a given variable:

G-3
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The component expression for the above vectors in terms of the scalar basis functions are
as follows:

‘\/——(V )5 —+f ) (pl/,:

5
J/T,,ac‘),,=—f =]

\/Zm')qo=+f(—lé’¥§§———ll{faw )
kr\/zn-(V,,z)g =c;§'/’: +2V¢V/nT +(§¢§ ) ,ngW,. +&:(2 1 )vaanT
2 5( 77(1 77) T

kJA 72 = 2V VYl + T Y,V
\/—( ) CTUW + Wn (62 72) é ql//n (62 n nl/,n
koA (72), =2V T + i(f_*z))vqu, "+ZE(2 Ui )V Yy

v, =L Loyt
), =;f:—a,,w:

v, =Layt
c,
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The components of the covariant derivatives of the vector basis functions are as follows:

1
'}."JZV; (I/n] )g =+n(1- 772 )ng(pv/:

;l,-ﬁv,,afn‘ ), =—EE -1V, Y,y

L - S e/ 10 N
f\[/TV-f(Vn)n_ (-1 2)V§V¢Wn (5 ~1)(1- )Vw%

& -n")

_% TN) gy
é-ni-r)

-}-\/ZV,,(V:)g z d O

0D, =40V ] _E D) g vy -89, 00

& -n*)

1 2 T 2 1_ ? T T
A 0, =~ 0V ~E S 9 €0, T

& -n*)
1 1 2 T T
7\[ZV¢(V,, )e =—(1-1")V,¥, +(—§-2-'-7—5V¢V¢%
;lr.ﬁvw(V;)ﬂﬂ(cfz—l)V;% - ¢ )V¢V¢'V3

1 ! 1)1
Tﬁvw(Vn)q: '('é(é—z)_(—"__[ﬂ £ q)'//n quvqa'/,n




ke SRV, (V2), = Z(fgz ’71))y/ F OV T +3VV T + é(fz Dy.v,vur+ "éz ”)V R
AV, (72, = ;((5 n))wn+cTnVnw"+3V,,V,,z//Z+§§(§2 Dv,v.vy+ Zg M=)y gy yr
kB, (72, = (€ =11 43V, 7 + iffz P AR n)VVVn'l’n

ke JAN VD), =V 3 +3V,V ul + if B VeV + 276(1 Z;VVV,,WI

R, 02 =T 49T+ S50 9 9 I T,9,9

AV, (V2), =3V, T + (iff =) SAAZE Z’;:”zivévnva/j

kALY, (V2), =3V,V T + é(f Dy, vy + gf(z =My gy yr

ke AV, (V2), = C2EV T +3V,V i + 55(25 s Dy yvyr ’75(2 ”)V A AR

ko AV, (V2), =0V T +3V,V T + iff v,y +Z’5(21 U )V,,VUVM

CSS/TR-02/18

G-9




Ly,
V() =zvnvﬂwf
v, D), =_}_V¢V¢W:

3y =
Vv,V _ngvm
V., —ngvm
3 =
V,(V2), _ngvwf
V.7, —zvévm
V, V) =ZVHVML
ViD=

L
—LV,,V‘,,WH
Voli)y = c,

@

8
-02/1
/TR

CSS

G-10



CSS/TR-02/18

APPENDIX H

PARITY OF BASIS FUNCTIONS

Approved for public release; distribution is unlimited

H-1/H-2




CSS/TR-02/18

APPENDIX H - PARITY OF BASIS FUNCTIONS

This appendix tabulates the parity of the various functions and their derivatives with
respect to the transformation 77 — —77, and the dependence of the functions on the first order

derivative with respect to the azimuthal angle. These symmetries are important for determining
the non-zero matrix elements obtained from the surface integrals for a symmetric target such as a
prolate spheroid or finite cylinder.

Table H-1 contains the polar and azimuthal parity of the vector harmonics. Table H-2
contains the parity of the components of the vector basis functions, and Table H-3 contains the
parity of the stress tensor formed from the covariant derivative of the vector basis functions. The
interpretation of the polar parity column is as follows: +1 signifies the function transforms as
F(-n)=+(-1)"F(n), -1 signifies the function transforms as F(-1n)=—(-1)""F(n), and 0
signifies the function is zero. The interpretation of the azimuthal parity column is as follows: Y
signifies the function is proportional to an odd number of derivatives of the function with respect
to the azimuthal order, and N signifies it is proportional to an even number of derivatives.

The significance of the azimuthal parity is that it denotes the coupling of different parities
in the azimuthal integration. The significance of the polar parity term is that it dictates the values

of order / for which the integrals over the coordinate —1 <7 < +1 are non-zero.

TABLE H-1. PARITY OF VECTOR HARMONICS

VECTOR HARMONIC | COMPONENT | POLAR PARITY | AZIMUTHAL PARITY
First Vector
1 5 0 0
1 n +1 Y
1 @ -1 N
Second Vector
2 5 0 0
2 n -1 N
2 o +1 Y
Third Vector
3 4 +1 N
3 n 0 0
3 Q 0 0

H-3
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TABLE H-2. PARITY OF VECTOR BASIS FUNCTIONS

VECTOR BASIS FUNCTION | COMPONENT | POLAR PARITY |

AZIMUTHAL PARITY

First Vector

1 ,f -1 Y

1 n +1 Y

1 Q@ -1 N

Second Vector

2 5 +1 N

2 n -1 N

2 Q +1 Y

Third Vector

3 & +1 N

3 n -1 N

3 ] + Y

TABLE H-3. PARITY OF STRESS TENSOR FORMED FROM VECTOR BASIS FUNCTIONS
VECTOR BASIS COMPONENT OF STRESS POLAR AZIMUTHAL
FUNCTION TENSOR PARITY PARITY
First Basis Function
1 (£.8) -1 Y
1 (&.m(n.¢6) +1 Y
! &.oxp.8) -1 N
1 n.n) -1 Y
1 (m.oxXe.,n) +1 N
1 (9, 9) -1 Y
Second Basis Function
2 (5 , 5 ) +1 N
2 &.m)1.¢) -1 N
2 &.0)9.5) +1 Y
2 (n,m) +1 N
2 (n.¢)e.n) -1 Y
2 (9,9) +1 N
Third Basis Function
3 (£.6) +1 N
3 &.mn.&) -1 N
3 &.o)p.&) +1 Y
3 (n.1) +1 N
3 n.oxXe.n) -1 Y
3 (9.9) +1 N
H-4
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APPENDIX I - COMPUTATION OF T-MATRIX FOR PROLATE SPHEROID

This appendix describes the method for performing the surface integrals necessary to
compute the spheroidal T-matrix for a prolate spheroid. Since the spheroid is both symmetric
under the transformation 7 — -7 and ¢ — ¢+, the T-matrix is diagonal in parity o and

azimuthal order m. In addition, only terms for which the difference (/-/’) is even have non-zero
elements for the T-matrix. These symmetries allow us to reduce the two-dimensional surface
integrals to a one-dimensional integral over the variable 0>7 >1. Due to the above symmetries,

the T-matrix is of the following form:

T,

oml,o'm'l'

=0, 8, T,

Define the following basis functions by replacing the trigonometric functions in the basis
functions by the exponential functions exp[tim¢], respectively.

(SWem[ i iSWomI)

W : 1
S s exp[izm(;)]:—;\/_(—?;
1 w
A7, exp[imp] = Teon (Ao £14,,)

vy, exp[-zmm—ﬁ( ")

AL, exp[Eimgp] = ﬁw Eid])

V *ml exp[-hm(o] - \/’%7)'( eml x ofnl)

£, explimp] = \/gi—) W) itV

1, EXp[Eime] = \/——1—) W, )xit,,))

The functions S¥, 4%, V¥, and ", are the scalar harmonic, vector harmonic, vector basis

function, and traction vector in the external fluid, respectively. The functions 4", V', and " are
the vector harmonics, vector basis functions, and traction vectors in the interior, respectively.
Depending upon whether a given function F,,, contains an even or odd number of derivatives

with respect to the angle ¢ the function will be proportional to either “1” or i .

I3
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Define the following notation:

Fo=F +1, even azimuthal parity
il "1 +i, odd azimuthal parity
Define the following functions based on their azimuthal parity:
S::,I = S;le

(A)), = (Auw), 1£i

(A1) = (Ain),

(Am,) = (42,
ALy = (AL, /i
(4); = (A

(V]I).f =Vem)g /%1
Vndy = Vit )y 1£1
( o = Vem )y

Ve =Vine
Vi) =iy
Vi) = Vin)p 1 £i
Ve =Vin)e
Gy =iy

v ,) = (Vim,) /xi
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p)e = tay)e 111
Fn)y = (i), 1£i
@) = (),
@) =)
@)y =),
Fr)p = (), /21
o) =t
@)y = En)y

(;n?;[)w = (tim/)q) /il

The computation of the T-matrix requires the evaluation of the following surface integrals
over the surface of the target:

0, =—ipy [l o174,
S
M =ik [dAfnev)s” ,}
nn lW F n n
B,,= [d4{(neReV, ,)S" }
N

Rm,‘t'n' = J.dA {t(RC Vrn ) hd Ar'n'}
S

In the above integrals one adopts the convention that the left hand term in the integral has +m
and the right hand term has —m for the azimuthal angle dependence of the integrand. The above
integrals are diagonal in m, and they can be replaced by the following one-dimensional integrals:

he = [(E -1 I(E -1)
h, = fJ(E -n*)1-1%)

h, = f(& -DA-1")

9 (1)
An = hnhwrl:» - hg_h(pnﬁ —87-
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m - . k ' W T’
0" e —-—ZmFJ dnA,(th,) (AL
m . k ¥ W w
M, = =2 [ana, w085
-1
+1
P",, =27 [dnA,ReV],),(S2,)
-1
Rm

+1
=27 [dnA, (Ret],,)) ¢ (4L,,.)
-1

o'l

Using the polar parity and the azimuthal parity properties of the integrands, the non-zero
components of the above integrals in the case /-/” is even are given by the following integrals:

I-6
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” ) k +1 . -
Q"5 = _4”’2';47' JdﬂAn (tn?l/ )5‘ (A;r)g
r
m : W Qo
M) =i j dnd, ) (Sm)
+1 . .
P",,, =47 [dnA,ReV}),(S))
0
+1 N .
P",, . =47 [dnA,(ReV,),(57)
0
+1 - -
R", =47 IdﬂA"[-i-(Re Fo ﬁ(Ar]nI')ﬁ +(Re t,:,)¢(A,L,.)¢]
0
41 o L
R",, 0 =47 [dnA, [+ReF}), (4); +(Rel),(An),]
0
4 N
R"y 5 =41 IdﬂAn (Rei,, )g(A:,l')g
0
+ .
Ry 5 =47 IdﬂAn (Rei,, ) (Ar?:nl')f
0

+1
R", 5 =47 [dnA [+Rely), (A7), + ReT) 5 (4,)5]
0
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The non-zero components of the integrals in the case /-/” is odd are given by the following
integrals: ‘

+1
P", . =+4mi [dna,ReV,),(57,)
0
+1 . _ .
R™, o =+4mi [dnA [+(Rel,,), (A7), —(Re D)5 (4,)]
0
+1 " . .
R™ . ==4mi [dnA,[+(ReT); (4,5~ (Re )5 (4,1),]
0
+1 - _ .
R™, =47 [dnA, [+(Reiy); (A )y — Ren)o(4,)]
0

+1
R™, o =-+idT [dnA, (Rel,), (43,
0

In the case ()-’) is even, the components of the R and P matrices are real. In the case (/-I’) is odd
the R and P matrices are imaginary. The R and P matrices can be transformed into real matrices
by making the following similarity transformation on the vector indices of the R, P, and O

matrices:

S =—i8°8! + 6782 + 678
ST =8 =+i6T8 +5752+6878

113

m — m 1
R =D SpoeREy S e
™"
m m
'Pz'l,l' - Z Sr',r"l)r'l.l'
P

— +
Oy = ZQ,”},.,.S
o

In the case (I-") is even, the components of the O, R, and P matrices are left invariant by this
transformation, whereas in the case (/-/’) is odd they are transformed to the following real

matrices:
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+1 N .
P",, =447 [dnA,(ReV),) (52,
0
' +1 B . B .
lel,Zl' =+4r IdﬂAn[+(Retnlll)ﬁ (A'i]')ﬁ - (Retrrltl)q‘;(A:xl')¢?]
0
+1 . . .
R",, 0 =+47 [dnA,[+(Rei2), (A, - Rei?),(4),),]
0
+1 ~ - . .
R"y =447 [dnA, [+Re ), (4],); ~ ReT2) (4,1
]

+
R\ =+47 J-dﬂAn (Rei, ;‘(A;I')f
0

To convert the above integrals into matrices one adopts the following convention for the
index of the pair 7/ of vector and order indices in the case m=0, where negative indices are
ignored:

n(T=L0)=3(-m)-2

n(t=2,0)=3(-m)-1

n(7=3,0)=3(-m)

In the case m # 0, the following index notation for the pair 7/ of vector and order indices is
adopted:

n(T=L0)=3(-m)+2

n(t=2,0)=3(l-m)+1

n(T=3,0)=3(1-m)

Here one uses the C-style index notation, where the first element in a vector starts at the index 0.

The above index convention is used to project out the zero components of the vector basis
functions in the case /=m=0. For example, the square R-matrix has dimension @Bl —-m+])

in the case m=0, and (3(/,,,, —m)+3) otherwise, where /___is the maximum value for the order /.

The T-matrix is defined by the following equation in terms of the above matrices:

T=—(ReQR'P-Re M)QR'P- M)

I-9/1-10
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APPENDIX J - COMPUTATION OF T-MATRIX FOR FINITE CYLINDER

This appendix describes the computation of the spheroidal T-matrix for a finite cylinder
with hemi-spherical end caps.

First, the author begins with a discussion of the geometry of the surface of the cylinder.
Let L denote the length of the cylinder and D its diameter, where the aspect ratio y =(L/D) is

greater than unity. The semi-focal distance of the spheroidal coordinate system is defined by the
following equation in terms of the length and aspect ratio of the cylinder:

f=(L/2>———W‘;‘1

Define the quantity L, = L— D as the length of the cylindrical portion of the target
excluding the end caps.

In the case —L,,/2<z<+L,,/2, the normal to the surface is given by the following equation:

’ 1-n?
(ncyl)g‘ =+§ 52 —772

& -1
&-n

(ncyl )ﬁ =-1

(ncyl)¢? =0

The spheroidal coordinates of the point on the surface in the ¢ =0 plane are given by the
following equations:
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p=plf=DIfI2

i=z/f

F=rlf=p +3
1472 +4(1+7) — 45
6= 5

n=2/¢
To describe the surface of the target at its end caps one uses the polar angle
—m/2 <1< +m/2 to parameterize the surface at its end caps. The coordinates of a point on the

end caps in the ¢ =0 plane are given by the following relationships:

p=(D/2f)sin(®)

F=z/f=H(D/2f)cos(®)+L,,/2)

FP=pr+7

1+ 72 +J(1+72)* - 477
&= 5
n=z/¢g

The normal to the surface at its end caps in the @ =0 plane is given by the following equations:

J-4
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x= £ -D1-n")

z=fEn
n, =sin(?)
n, = cos(?)

n; =n0.x+nd.z= f| [+& ’-If;—le sin(¥%) + 1 cos(?9)]

2
n,=ngd x+ nd,z= f[-1 }f_;zl sin(?%) + & cos()]

n =0

[2

n =[+E\J1-1* sin(B) + 11y E* —1 cos(N]/JE* -1
n, =[-nJ&" -1 sin(9) + &J1-17 cos(zs)]/,/g2 -

n¢=0

The component » 5 of the normal has even parity under the transformation 1 — -7,

whereas the component 7, has odd parity. In the case of the normal for the end caps, the angle

¥ becomes ¥ — ¥+ under the transformation 7 — -7.

Since the finite cylinder is both symmetric under the transformation 7 — -7 and
¢ — @+, the T-matrix is diagonal in parity o and azimuthal order m. In addition, only terms

for which the difference (/-!’) is even have non-zero elements for the T-matrix. These
symmetries allow us to reduce the two-dimensional surface integrals to a one-dimensional
integral over the variable 0 >7>1. Due to the above symmetries, the T-matrix is of the

following form:

T,

oml,o'm'l’

=0, 6,1},

Define the following basis functions by replacing the trigonometric functions in the basis
functions by the exponential functions exp[+im@], respectively:
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Sw:tml exp[i1m¢] = _—_—I-——(SW eml i iSwumI)
Je(m)

. 1 w . W
A;le exp[i1m¢] = —J'_——_ Aeml -'t lAamI)
£(m)

) 1
V:tpi/nl exp[+imp]= \/ZZI_?I—)
r - 1
A;,, exp[timp] = \/6_‘(;’5
T . 1 7 T
V:l:ml exp[ilm(/’] = —_\/-{_:‘TT‘M_;(KMI * lVoml)
1

t:’ml exp[+img]= \[8(_”5

(5, expltimp] = \/%—)
E(m

w 1744
Veml ill’/aml)

7 s AT
Aeml * lem[ )

V) xit,,)

(V) £t (V,00))

The functions S¥, 4", V¥, and ¢, are the scalar harmonic, vector harmonic, vector

basis function, and traction vector in the external fluid, respectively. The functions
A", V7, and f* are the vector harmonics, vector basis functions, and traction vectors in the

interior, respectively. Depending upon whether a given function F,,, contains an even or odd
number of derivatives with respect to the angle ¢ , the function will be proportional to either “1”

or *i.
Define the following notation:

Fo=F +1, even azimuthal parity
tml =" m +i odd azimuthal parity

Define the following functions based on their azimuthal parity:
S:,/ = S:’ml
(Ani )y = (Apm)y 11
(‘:i,ln/ )(p = (A;ml )¢
(’2311 )17 = (Aiz'ml )7;

(A2, = (A, %1
() =(4,);

J-6




Vode = Vi)e 111
Gody = Vi), 1£i
Vo) = Vi),
Vi)e = Vine
V), =WV,
V), =i, 1%i
Vo)e =Va)s
Vg = Vi),
Vo)p =Von)p 1£i

Tn)s = o)y 111
Ty = W)y /£
Fdp = (tem),
(T = E)e
(Fndy =ty
Ty = )y 1%
Tode = (tom);
GAREIGINR

(f,,f,)¢ =(ti3_m,)¢ /ti
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The computation of the T-matrix requires the evaluation of the following surface integrals

over the surface of the target:
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k W
Qe =iy fda{(ner) Yne 4.}

S
M =ik jdA{(n-VW)SW 3
nn AW ; n n
B, = [dA{(neReV, )S" }
S

Rtn.t'n' = IdA {I(RC Vrn) ° Ar'n‘}
S

In the above integrals one adopts the convention that the left hand term in the integral has +m
and the right hand term has —m for the azimuthal angle dependence of the integrand. The above
integrals are diagonal in m, and they can be replaced by the following one-dimensional integrals:

he = f(E -1 (E =)
k= f(E -n*)/1-7*)

h, = (& -DA-1")

9 (m)
A" = h,,hq,né - hth,nﬁ '—-an—

" kT - .
L LN (ARSI G (CUE SIS
-1
i . k +1 W w w
M",, ==2mi— [dnA [0 m, + VL), (ST
-1
+]
", =27 [dnA,[(ReV},) n, + ReV],);m (S0
-1

+1
R™ o =27 [dnA,Ret],) o (L)
-1

Using the polar parity and the azimuthal parity properties of the integrands, the non-zero
components of the above integrals in the case /-’ is even are given by the following integrals:

J-8
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; Tk +] B _ _
b LN ARSI GARA G AN
0
k +1 . -
le‘y. = —47Fi'}7 J.dﬂAn ['{"(t,Z )5 n{; + (t,:,‘; )f; nﬁ ][+(A;l)5 n,’:]
0
k +1 v v
m . > W o
M",, = ~4mimy [dnt, [+ e + o m 1S
0
+1 - - -
P",,. =47 [dnA,[+(ReV2),n, +ReV),m 1S )
0
+1 - - .
P", =47 [dnA,[+(ReV}),n, +(ReVo);m )(So)
0
+1 _ " ~ .
R™, 1 =47 [dnA,[+ReD)), (4,); + Reln ) (4]
0
+1 _ . . .
R” ) =47 IdﬂAn [+(Re tnfl )i (A:u')ﬁ +(Re t,:1 ),;,(A:,l')qa]
0
+1 ~ -
R", =47 IdﬂAn (Re t,il )5(/1311')5
0

+1
Rmzz,al' =4r IdﬂAn (Re tfml )5 (Azml')g
0

+1
R™y o =47 [dnA, [+(ReD}); (42); + (Rel})y(42)),]
0
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The non-zero components of the integrals in the case /-/” is odd are given by the following
integrals:

m Lok - - ~
0"\ = "'47”(_1)7 IdﬂAn[+(t;7 )5’75 + (t:; f;nﬁ][(A;l' 1)
0
+1 . . »
P™, = +4ri [dnA, [+ReV,),n. +ReV,),m,1(5,))
0
+1 _ . B .
R™ o =+470i [dnA,[+(ReT),); (A0); = Redy)y (A, ]
0
+1 . - . -
R”p =—4mi IdnAn[+(Retml)ﬁ (Arlnl')f/ -(Ret,, )¢(A,ly,1')¢]
0
+1 . . _ .
R™,, = —4mi [dnd [+Rely); (4,);~ Reln)o(4,),]
0

+1
R™, s =+4ri [dnA, Rel,) (4,),
0

In the case (I-/") is even, the components of the R and P matrices are real. In the case (I-1") is odd
the R and P matrices are imaginary. The R and P matrices can be transformed into real matrices
by making the following similarity transformation on the vector indices of the R, P, and QO
matrices:

S, =—i87 8 + 5782 +6768

ST =8 =+i7 5 + 676 + 676

(14

m - m +
Ry = SppRey opST e
i
m m
‘Dﬂ.l' - Z S‘r'.z"})r'l,l'
Py

t
QI',nr'I' = z QI',';"'I'S ™
ey

J-10
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In the case (/-/’) is even, the components of the O, R, and P matrices are left invariant by this
transformation, whereas in the case (/-/’) is odd they are transformed to the following matrices:

. - k +1 . _ .
Q" =4 [ena, [+ ne + @) (A )75
0
+1 N N -
P", . =+47 [dnA,[+(ReV,,), n; +(ReV),m, 1S
0

+
R", o =+47 JdﬂAn [+(Ref,, )4 (A::/')ﬁ -(Ref,, )qa(A::l')@]
0

+1
R",y, = +47 [dnA, [+(Re72), (A,); — (Rei});(4),),]

0

ml

+1
R",, =+ [dnA [+Re)),(4),), — Rei)),(4),),]
0

+1
R, =+4m IdﬂAn (Re ;,::1 )5‘ (A;r)g
0

To convert the above integrals into matrices one adopts the following convention for the
index of the pair 7/ of vector and order indices in the case m=0, where negative indices are
ignored:

n(r=1,1)=3(1-m)-2
n(t=2,0)=3(-m)-1
n(z=3,0)=3(-m)

In the case m # 0, one adopts the following index notation for the pair 7/ of vector and order
indices.

n(r=,01)=3(-m)+2
n(t=2,1)=3(1-m)+1
n(t=3,1)=3(-m)

Here one uses the C-style index notation, where the first element in a vector starts at the index 0.
The above index convention is used to project out the zero components of the vector basis
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functions in the case /=m=0. For example, the square R-matrix has dimension (3(/_,, —m)+1)

in the case m=0, and (3(/

max

—m)+3) otherwise, where /__ is the maximum value for the order /.

The T-matrix is defined by the following equation in terms of the above matrices.

T=-(ReQR'P-Re M)Y(QR"'P—~ M)
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